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ABSTRACT
A significant fraction of the envelope of low- and intermediate-mass stars is unstable to convection, leading to sub-surface turbulent
motion. Here, we consider and include the effects of turbulence pressure in our stellar evolution calculations. In search of an obser-
vational signature, we compare the fractional contribution of turbulent pressure to the observed macroturbulent velocities in stars at
different evolutionary stages. We find a strong correlation between the two quantities, similar to what was previously found for mas-
sive OB stars. We therefore argue that turbulent pressure fluctuations of finite amplitude may excite high-order, high-angular degree
stellar oscillations, which manifest themselves at the surface an additional broadening of the spectral lines, i.e., macroturbulence,
across most of the HR diagram. When considering the locations in the HR diagram where we expect high-order oscillations to be
excited by stochastic turbulent pressure fluctuations, we find a close match with the observational γ Doradus instability strip, which
indeed contains high-order, non-radial pulsators. We suggest that turbulent pressure fluctuations on a percentual level may contribute
to the γ Dor phenomenon, calling for more detailed theoretical modeling in this direction.
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1. Introduction
Stars transport energy mostly via two physical mechanisms: ra-
diative diffusion and convection. Convection consists of upward
and downward turbulent motion of material and consequently
leads, strictly speaking, to local deviation from hydrostatic equi-
librium. Grassitelli et al. (2015) showed that the strength of tur-
bulent pressure within the sub-surface convective zones (SSCZ)
of hot massive stars may be related to the observationally derived
macroturbulent velocities at the surface (Simón-Díaz & Herrero
2014), as a consequence of the local lack of hydrostatic equi-
librium at the percent level due to stochastic turbulent pressure
fluctuations. However, massive stars are not the only stars that
show vigorous SSCZ.
Turbulent convection is known to play a decisive role in
the stochastic forcing, self-excitation and damping of pulsation
modes across the HR diagram (see, e.g., Houdek 2000, Dupret
et al. 2004, Xiong & Deng 2007, Belkacem & Samadi 2013.
Moreover, a recent study by Antoci et al. (2014) showed that
turbulent pressure in the hydrogen ionization zone is likely to
explain the high-frequency, coherent pulsation modes observed
in the δ Scuti pulsator HD 187547. Hydrogen recombines at a
temperature on the order of 10 000 K, leading to high values of
the Rosseland opacity and to a high Eddington factor in the cor-
responding layers (Sanyal et al. 2015). This opacity bump could
also play a role in the pulsational instability of the γ Doradus (γ
Dor) class of stars (Handler & Shobbrook 2002).
Stars of the γ Dor class are intermediate mass stars showing
periodic variability on a timescale of days. These A- and F-type
stars are pulsating with high-order, non-radial g-modes (Guzik
et al. 2000; Miglio et al. 2008). Theoretical stability analyses
adopting time-dependent convection predict an instability strip
(IS) to occur close to where γ Dor are observed, involving a flux-
blocking excitation mechanism (Guzik et al. 2000; Dupret et al.
2005). However, Dupret et al. (2004) showed that the agreement
between observations and theory depends very sensitively on the
exact treatment of convection.
We investigate here the effects of turbulent pressure in in-
termediate mass stars, focusing on its observational fingerprints,
and try to draw a global picture of these effects across the HR
diagram.
2. Method
We have computed a set of stellar evolutionary models using the
hydrodynamic Lagrangian one-dimensional Bonn evolutionary
code (Heger et al. 2000; Yoon et al. 2006; Brott et al. 2011).
For convection the models are computed using the Ledoux crite-
rion (Kippenhahn & Weigert 1990), adopting the mixing length
theory (MLT) with a mixing length parameter α = 1.5 (Böhm-
Vitense 1958; Brott et al. 2011). The opacities are computed
from the OPAL opacity tables (Iglesias & Rogers 1996). No stel-
lar wind mass loss was included in the calculations and we as-
sumed a metallicity of Z = 0.02 (Brott et al. 2011).
We also used for comparison a modified version of BEC,
which includes the turbulent pressure (Pturb ) and turbulent en-
ergy density (eturb) in the stellar structure equations (Grassitelli
et al. 2015). These quantities can be expressed as (Stothers 2003)
Pturb = ζρv2c , eturb =
3
2
Pturb
ρ
, (1)
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Fig. 1. HR diagram showing the computed stellar evolution tracks. The
colors of the dots indicate the maximum fraction of turbulent-to-total
pressure occurring within the stellar envelopes (see framed color bar in
the bottom left corner). Stellar models in red show Pturb /P>10%. The
masses of the models are indicated next to the tracks. For the upper HR
diagram, see Fig.1 in Grassitelli et al. (2015).
where ρ is the local density, ζ is a parameter chosen to be ζ =
1/3 for isotropic turbulence (Stothers 2003), and vc is the local
convective velocity.
In Appendix A, Fig. A.1 shows an HR diagram comparing
two 1.5 M tracks, with and without the inclusion of turbulent
pressure and energy. We find that the structural effects arising
from the inclusion of eturb and Pturb do not significantly affect the
evolutionary tracks, in agreement with Grassitelli et al. (2015).
Therefore, we study the contribution of the turbulent pressure to
the equation of state a posteriori, using Eq. 1.
3. Results
Figure 1 shows the HR diagram with our newly com-
puted evolutionary tracks for low- and intermediate-mass stars
(0.75−7 M ), color coded according to the maximum ratio
of turbulent-to-total pressure within each stellar model. At
log(L/L) ≈ 1 the models that show a significant Pturb fraction
are confined within a rather narrow Teff range of 6000–8000 K,
while at Teff<8000 K the Pturb contribution is small. Within this
band, Pturb can account for up to ≈10–15% of the total pres-
sure. The hot boundary at Teff ≈ 8000 K coincides with a sharp
increase in opacity very close to the surface owing to hydro-
gen recombination. The maximum fraction of turbulent pressure
reaches a peak at Teff∼7500 K, then followed by a gradual de-
crease with decreasing Teff , where the maximum fraction of tur-
bulent pressure is reduced to ≈ 5% at Teff≈ 4500 K.
At high luminosity, e.g., log(L/L) ≈ 3, the Teff range within
which the fraction of Pturb is larger than 10% has moved to
the interval 4000–7000 K. This band forms a continuous re-
gion in the HR diagram with the higher luminosity red super-
giants computed by Grassitelli et al. (2015). Thus, it ranges from
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Fig. 2. Ratio of turbulent-to-total pressure (color coded) as a function
of the effective temperature and the optical depth throughout part of
the evolution of a 1.9 M model. Extended white areas are radiatively
stable. The HeCZ is visible in the top right section of the plot. For Teff >
7700 K the HCZ is present from the surface up to log(τ) ≈ 2. At lower
Teff the outer boundary of the HCZ is located at log(τ) ≈ 0, while the
inner boundary reaches log(τ) > 3.5 and merges with the HeCZ.
log(L/L)≈ 0.7, where it crosses the zero-age main-sequence
(ZAMS) at M∼ 1.5 M, up to the most luminous supergiants
with log(L/L)≈ 5.5 irrespective of the evolutionary stage.
Within this band, Pmaxturb goes from 10% on the ZAMS to 33%
at high luminosities.
The internal envelope structure can be seen in Fig. 2, where
the outer layers of the 1.9 M model are shown for part of its
evolution. Figure 2 shows that the hydrogen convective zone
(HCZ) becomes more and more extended (in terms of opti-
cal depth) as the star cools, moving toward the giant branch,
although its radial extent is only ≈ 5% of the stellar radius
for the coolest models. A steep increase of Pturb is present at
Teff ≈ 8000 K as the inefficiency of convection causes the con-
vective velocities to approach the sound speed (cf. Grassitelli et
al. 2015), followed by a smooth decrease as the superadiabaticity
of the outer layers decreases (see Appendix B for a discussion of
convective timescales and mixing length parameter α).
4. Observational consequences of turbulence
pressure
4.1. Macroturbulence broadening
In the context of massive stars, Aerts et al. (2009) concluded that
the joint effects of a large number of high-order, high-angular
degree g-mode pulsations at the surface may mimic macrotur-
bulent line broadening. Grassitelli et al. (2015) found that in
hot massive stars macroturbulence broadening is strongly cor-
related to the maximum fraction of Pturb within the stellar mod-
els. They suggested that stochastic turbulent pressure fluctua-
tions may excite high-order g-modes that then give rise to the
observed macroturbulence. We here consider the same possibil-
ity by looking at the same quantities at the opposite side of the
HR diagram.
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We collected observationally derived macroturbulent veloc-
ities (υmac) for low- and intermediate-mass chemically normal
stars previously derived from high resolution spectra by Car-
ney et al. (2008), Fossati et al. (2011), Doyle et al. (2014),
and Ryabchikova et al. (2015). We further looked for additional
intermediate-mass chemically normal apparent slow rotators in
order to increase the sample, particularly in the range of the
evolved stars. Given the relatively small υmac values (typically
∼10 km s−1), all stars for which it is possible to reliably measure
υmac have a low projected rotational velocity (υ sin i) of at most
10–15 km s−1. We therefore derived macroturbulent velocities
for HD 167858 (Bruntt et al. 2008), KIC 8378079, KIC 9751996,
and KIC 11754232 (Van Reeth et al. 2015), all reported to have
a υ sin i below 15 km s−1.
For all stars, we analyzed the spectral lines as described in
Fossati et al. (2011), and we adopted the atmospheric parameters
listed in Bruntt et al. (2008) for HD 167858 and in Van Reeth et
al. (2015) for KIC 8378079, KIC 9751996, and KIC 11754232.
The results, listed in Table A.1, show that for all stars we ob-
tained a non-negligible υmac value. We also attempted to fit the
spectral lines not accounting for macroturbulent line broaden-
ing, which resulted in significantly worse fits compared to the
case with macroturbulent broadening included.
Figure 3 shows the macroturbulent velocities as a function
of the maximum fraction of turbulent pressure obtained from the
stellar tracks at the position in the HR diagram of each observed
star. The left panel of Fig. 4 shows the position of the stars con-
sidered here in the spectroscopic HR diagram (sHR; Langer &
Kudritzki 2014) superposed on the computed stellar tracks.
Similar to the case of the massive stars (see Fig. 5 of Gras-
sitelli et al. 2015), we obtain a strong correlation between the
two quantities: macroturbulent velocities increase with increas-
ing Pmaxturb /P. The relation is highly significant, with a Spearman-
rank correlation coefficient of 0.96. In chemically normal slowly
rotating MS late B- and A-type stars the spectral lines do not
show the presence of macroturbulent broadening (e.g., Fos-
sati et al. 2009), and the stellar models consistently predict
extremely small Pmaxturb in that region. Moreover, Gray (1984),
Valenti & Fischer (2005), and Ryabchikova et al. (2015) find
a trend of increasing macroturbulent velocities for increasing
effective temperatures in a sample of cool stars in the range
4500 K<Teff<6500 K. This is in a good agreement with our pre-
diction as well, given that we expect an increase of Pturb with
Teff in that temperature range (see Sect.3 and Fig.2), providing
additional evidence of a relation between υmac and Pturb .
4.2. The γ Dor instability strip
Our results point toward the presence of a strong correlation be-
tween macroturbulent broadening and turbulent pressure across
the whole HR diagram. In this picture, macroturbulent broad-
ening may be the result of high-order modes excited by turbu-
lent pressure fluctuations (Grassitelli et al. 2015). Interestingly,
the region of high Pturb shown in Fig. 1 broadly overlaps with
the theoretical instability strips of γ Dor stars, which are indeed
high-order, g-mode pulsators (Bouabid et al. 2011).
To further explore the possible Pturb -γ Dor connection, in the
right panel of Fig. 4 we compare the position in the sHR diagram
of observed γ Dor stars and hybrid γ Dor – δ Sct stars with the
maximum value of Pturb /P as derived from the stellar models.
This comparison shows that the observational γ Dor instability
strip falls in the same area of the sHR diagram where we find the
largest contribution of Pturb to the total pressure. In addition, the
stars that present a non-negligible macroturbulent broadening lie
Fig. 3. Observed macroturbulent velocities as a function of the esti-
mated fraction of turbulent pressure from our calculations (via a fitting
of the tracks). The data are from Carney et al. (2008), Fossati et al.
(2011), Doyle et al. (2014), Ryabchikova et al. (2015), and this work.
The dotted lines represent typical errors (i.e., 20% of υmac, equivalent
to 1 standard deviation) inferred to the linear fit (dashed line). The five
stars color coded in blue are bona fide γ Dor pulsators.
predominantly along this same area of the sHR diagram. As a
matter of fact, all the stars listed in Tab. A.1 and HD 37594 are
indeed bona fide γ Dor pulsators (Díaz-Fraile et al. 2014; Van
Reeth et al. 2015).
If turbulent pressure fluctuations act as an excitation mech-
anism for high-order pulsation modes, it may well be that tur-
bulent pressure fluctuations of finite amplitude play a role in the
rise of the γ Dor phenomenon. Rigorous studies of the Reynolds
stress tensor in connection with time-dependent convection (Gri-
gahcène et al. 2005; Antoci et al. 2014) and eventually finite
amplitude perturbations (Grassitelli et al. 2015) are required to
investigate the physical origin of the possible connection be-
tween high-order g-modes, υmac, and sub-surface turbulent pres-
sure fluctuations.
5. Conclusions
We investigate the effects of convective turbulent pressure in
late-type low- and intermediate-mass stars, focusing on their
possible observational signatures. We find that stars with a major
contribution from the turbulent pressure to the equation of state
(i.e., Pturb /P>10%) are confined to rather narrow band in the HR
diagram (see Fig.1). This high contribution is found in models
where the HCZ is located very close to the surface, irrespective
of their evolutionary stages.
When comparing the maximum fraction of Pturb within the
stellar models to observationally derived macroturbulent veloc-
ities, we find a strong correlation between these two quantities,
analogous to the finding of Grassitelli et al. (2015) for OB stars.
Given that a similar strong correlation is found both in massive
OB stars, where the high turbulent pressure appears in the iron
convective zone, and in low- and intermediate-mass main- and
post main-sequence stars, where the highest contribution from
turbulent pressure lies within the HCZ, a physical connection of
both phenomena appears likely.
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Fig. 4. Left: stellar evolutionary tracks
in a sHR diagram color coded accord-
ing to the maximum fraction of Pturb /P
(see top bar). Overplotted are the loca-
tion of 56 stars analyzed by Carney et
al. (2008), Fossati et al. (2011), Doyle et
al. (2014), and Ryabchikova et al. (2015)
for which macroturbulent velocities are
available, in addition to those listed in
Tab. A.1. The five stars color coded in
blue are bona fide γ Dor pulsators.
Right: As in left panel, with overplot-
ted the location of ≈ 300 γ Dor stars
analyzed by Bruntt et al. (2008), Catan-
zaro et al. (2011), Fossati et al. (2011),
Tkachenko et al. (2012), Bradley et al.
(2015), and Van Reeth et al. (2015) and
some hybrid γ Dor–δ Sct stars from
Catanzaro et al. (2011) and Tkachenko
et al. (2012).
This connection can be interpreted as a consequence of the
local deviation from the hydrostatic equilibrium due to turbulent
pressure fluctuations at a percent level. We argue that turbulent
pressure fluctuations could lead to the excitation of high-order,
non-radial pulsations, as observed in γ Dor stars and even in our
Sun, which manifest themselves at the surface as macroturbulent
broadening of spectral lines (Aerts et al. 2009). If indeed turbu-
lent pressure fluctuations excite high-order modes, a connection
with γ Dor may be present as well, which could involve finite
amplitude pressure fluctuations in the HCZ.
Our results provide additional strong evidence for the con-
nection between large-scale surface motions and the contribu-
tion of turbulent pressure, and calls for a revaluation, possibly
inspired by 3D simulations, of the role of convection dynam-
ics on the excitation and damping of both coherent and stochas-
tically excited oscillation modes and waves. Rigorous studies
should be performed to investigate the physical origin of the pos-
sible connection between sub-surface turbulent pressure fluctu-
ations, macroturbulent broadening, and, e.g., the transition be-
tween δ Scuti (or the classical Cepheid instability strip), γ Dor,
and stochastically-excited pulsators. This study appears partic-
ularly timely given the wealth of stringent observational con-
straints on photometric variability delivered, e.g., by CoRoT and
Kepler.
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Fig. A.1. HR diagram showing evolutionary tracks of a 1.5 M model
with (blue dashed) and without (purple continuous) turbulent pressure.
Appendix A: Effects of Pturb on a 1.5M stellar
model and derived stellar parameters
Table A.1. υ sin i and υmacvalues derived for the analysed stars.
Star υ sin i υmac
[km s−1] [km s−1]
HD 167858 6.2±1.0 9.8±1.5
KIC 8378079 1.5±2.6 12.5±1.1
KIC 9751996 3.9±3.4 12.9±1.5
KIC 11754232 2.4±2.5 11.8±1.1
In this section we discuss the comparison between tracks
with and without the inclusion of Pturb and eturb in the calculation
of a 1.5 M stellar models. We emphasize that, different from
massive stars (Grassitelli et al. 2015), the convective velocities
for intermediate-mass stars do not exceed the local sound speed
and no limitation of vc is necessary.
During the main-sequence phase (Teff & 5800 K), the two
tracks do not present appreciable differences; as the tracks ap-
proach the terminal-age main-sequence, the model with Pturb
presents a displacement on the order of ≈10 K toward lower ef-
fective temperatures. A similar behavior is also found for the
post-main-sequence evolution, corresponding to a difference in
radius on the order of ≈1% or less. In line with the results of
Grassitelli et al. (2015) for the massive stellar models (including
a 7 M stellar track), we consider the effects of turbulence on the
hydrostatic models to be small, and do not directly include them
in the calculations of the stellar tracks in Fig.1.
Appendix B: Convective timescales and mixing
length
The results of an estimate of the convective timescales are shown
in Fig. B.1. The convective timescale τconv has been computed as
τconv =
αHp
vc
, (B.1)
Fig. B.1. Convective timescale (color coded) as a function of the effec-
tive temperature and optical depth throughout part of the evolution of a
1.9 M model (same as Fig.2). In the center of the hydrogen convective
zone, where we find the higher contribution from Pturb , the convective
timescales are ≈ 10−2 days, while at the edges of the hydrogen convec-
tive zone τconv increases up to ≈ 101 − 102 days.
where Hp is the local pressure scale height. At the center of the
hydrogen convective zone, where we obtain the highest convec-
tive velocities, the timescale for convection is on the order of
five minutes. At the upper border instead (i.e., at the convective
boundary close to the surface) the timescale increases from 1 up
to ≈ 10 days or more. Thus the convective timescales vary by
≈ 4 orders of magnitude within the last mixing length of the
convective zone. This makes a direct comparison with the ob-
served periods difficult. Numerical simulations are necessary in
order to show whether observed mode lifetimes are compatible
with stochastic excitation.
The absolute values given here and in Sect.3 depend upon
the adopted value of the mixing-length parameter α. For α= 1,
the turbulent pressure fraction decreases to a maximum of 5%
as a consequence of smaller convective velocities, while an in-
crease of α (e.g., α= 1.8) leads to transonic convective veloci-
ties. Changing α also changes the position of the local peak of
Pmaxturb , e.g., the position of the peak decreases by 300 K when
adopting α= 1.
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